In each cell cycle, centrioles are duplicated to produce a single copy of each pre-existing centriole. At the onset of centriole duplication, the master regulator Polo-like kinase 4 (Plk4) undergoes a dynamic change in its spatial pattern on the periphery of the pre-existing centriole, forming a single duplication site. However, the significance and mechanisms of this pattern transition remain largely unknown. Using super-resolution imaging, we found that centriolar Plk4 exhibits periodic discrete patterns resembling pearl necklaces, frequently with single prominent foci. We constructed mathematical models that simulated the pattern formation of Plk4 to gain insight into the discrete ring patterns. The simulations incorporating the selforganization properties of Plk4 successfully generated the experimentally observed patterns. We therefore propose that the self-patterning of Plk4 is crucial for the regulation of centriole duplication. These results, defining the mechanisms of self-organized regulation, provide a fundamental principle for understanding centriole duplication.
INTRODUCTION
( Figure 2A ). Instead of the expected continuous ring, we observed a chain of foci forming a discrete ring (resembling a pearl necklace; Figure 2A ).
We then extracted oval fluorescence intensity profiles ( Figure 2B ) to quantitatively analyze the Plk4 ring patterns, similarly to those shown in Figure 1C . The oval profiles we obtained are shown together in Figure 2C as a two-dimensional array plot. In line with previous reports (Ohta et al., 2014 (Ohta et al., , 2018 , in most cases we found uneven distribution patterns with single prominent peaks. In addition, as illustrated in Figure 2B , the profiles exhibited spatial periodicity. We detected the peaks of the profiles and measured the angle (the distance in the profile plots) from each peak to its nearest neighbor to quantify the periodicity of the discrete ring patterns. Similar methods have been used successfully to analyze protein localization patterns in the ciliary transition zone or centriole distal appendages (Jana et al., 2018; Shi et al., 2017; Yang et al., 2018) . The average angles between nearest-neighbor pairs were approximately 60° ( Figure 2D ). In other words, the discrete ring patterns tended to show a sixfold rotational symmetry. An alternative method, based on autocorrelation analysis, similarly demonstrated that the period of the discrete pattern was 65.0 ± 16.4° ( Figure S2A ). This was surprising, given the nine-fold rotational symmetry of the centriole core architecture and the triplet microtubules. Although 40-50° was the most common angle range ( Figure 2D ), which suggests heterogeneity of the distribution, a 40° periodicity cannot fully explain the distribution, and the majority of angles appeared to be approximately 60°. Therefore, an interpretation other than that based on the nine-fold symmetry of the centriole architecture is required to explain the periodicity of the discrete ring patterns of Plk4.
The scaffold of Plk4 potentially has double its rotational symmetry and number of slots
We applied the super-resolution analysis to CEP152, the main scaffold of centriolar Plk4, to identify the factor generating the six-fold symmetry of the discrete ring patterns of Plk4. Via STED observations using an antibody to the N-terminal region of CEP152, we found that CEP152 also showed periodic patterns (Figure 3 ). The rings of CEP152 seemed more continuous than those of Plk4, however, and the periodicities were less obvious than the discrete patterns of Plk4 (Figure 2) . Unlike with Plk4, we did not find obvious bias in the periodic patterns of CEP152, which was consistent with previous observations (Ohta et al., 2018) .
Interestingly, the patterns of CEP152 showed higher spatial frequencies than those of Plk4. The average angle between nearest-neighbor peaks was approximately 30° (Figure 3 ). CEP152 therefore exhibits a rotational symmetry of order 12, which is double that of Plk4.
Since the periodicity of the CEP152 localization patterns was not entirely clear, we conducted a further analysis for verification. Although on average the discrete patterns of Plk4 exhibited a six-fold symmetry, neighboring Plk4 clusters occasionally localized with approximately 30° intervals between peaks ( Figure S2B ). This suggests that there may be 12 slots for Plk4 foci. In addition, nearest-neighbor clustering analyses using an antibody recognizing another region of CEP152 (CEP152-Mid) or HCT116 cells confirmed the 30° periodicity or 12-fold rotational symmetry of the CEP152 patterns ( Figure S2C ). Combined, these results suggest that the scaffold CEP152 provides 12 slots for Plk4, but that Plk4 appears to preferentially select six of them.
Simulation models based on the self-organization of Plk4 via a lateral inhibition effect reproduce its observed spatial patterns around centrioles
We then investigated how the discrete ring patterns of Plk4, with six uneven foci, are generated from the 12 slots of CEP152. To address this, we reasoned that the molecular nature of Plk4, which has recently been revealed (Yamamoto and Kitagawa, 2018) , may provide a clue. Firstly, Plk4 self-assembles into a macromolecular complex (or protein aggregate). Secondly, its properties can switch, depending on its autophosphorylation state. Of note, the phosphorylated ("active") form of Plk4 is more dynamic in dissociating from centrioles than the nonphosphorylated ("inactive") form. In addition, the active form of Plk4 promotes the dissociation of inactive Plk4 through self-activation (trans-autophosphorylation) feedback. These properties of Plk4 suggest that it may form the discrete ring patterns by excluding neighboring Plk4 molecules in an autophosphorylation-dependent manner, whereas existing Plk4 complexes gain their mass through self-assembly. This mutual relationship between the active and inactive forms of Plk4 is similar to that of the reaction-diffusion system (also known as the Turing model) or its analogue, the lateral inhibition system, which forms periodic patterns at the cellular or tissue level (Barad et al., 2011; Kondo and Miura, 2010; Liao and Oates, 2017; Nakamura et al., 2006) . Accordingly, here we propose the first verifiable theory explaining the mechanism by which the self-organization properties of Plk4 form dynamic spatial patterns and exclusively provide the single duplication site during centriole duplication. The core concept of this theory, which is based on a recently proposed speculative model (Yamamoto and Kitagawa, 2018) , is shown in Figure 4 .
Our theory assumes that the active form of Plk4 is dynamic and mobile within the periphery of centrioles. These properties render the active Plk4 capable of reaching and interacting with other distant Plk4 molecules along the centriole periphery. This can cause a lateral inhibition effect, in which active Plk4 molecules actively repel nearby inactive Plk4 molecules by promoting activation and subsequent dissociation. Assuming that this lateral inhibition effect exists, we constructed a mathematical model to simulate the pattern formation of Plk4 ( Figure 5A ). Given the periodicity of CEP152 scaffolds (Figure 3) , we placed 12 segments as Plk4 slots around the centriole. The last segment (x = 12) was connected to the first (x = 1) to form a closed-loop centriolar ring ( Figure 5A ). As described above, Plk4 can take two distinct forms: active and inactive. The inactive form influxes from the cytosol (with the kinetic constant k1) to the centriolar segments, and both forms dissociate from the centriole (with the distinct kinetic constants k2 and k5, respectively). The active form was set to be more dynamic in its dissociation (k5 > k2) and mobile in its interaction with other Plk4 molecules in the neighboring segments (bold orange arrows in Figure 5A ). The inactive form self-assembles (k6) to cause a positive-feedback effect and turns into the active form through autophosphorylation (k3). The self-assembly rate is proportional to the concentration of Plk4 in each segment and in the cytosol. Therefore, all Plk4 influx into each segment was included in the self-assembly term.
The active form of Plk4 promotes the activation of adjacent inactive Plk4 in its own segment and in neighboring segments (k4). This promotes the dissociation of activated Plk4, generating the lateral inhibition effect. Importantly, when the total amount of Plk4 in a segment reaches a given threshold, the molecules are assumed to form a stable complex (aggregate) (Yamamoto and Kitagawa, 2018) , which reduces the dissociation rates of both forms of Plk4. A random fluctuation (±10%) was added to the self-assembly term, so the results differ in each simulation.
The initial seeds (input) were provided as random real numbers between 0 and 1. It should be noted that the model does not distinguish between dissociation and degradation, so the observed dissociation may be partly degradation. The units for the kinetic constants and time are arbitrary.
Initially, we optimized each parameter of the model (Table S1 ) to reproduce actual observations. Consequently, approximately six foci of Plk4, containing various quantities of the molecule, appeared from the 12 slots ( Figure 5B ). For simplicity, the representative results illustrated show the total quantities of Plk4 (i.e. both inactive and active), even though each focus typically included a certain proportion of active Plk4. Due to the lateral inhibition effect, Plk4 tended to occupy alternate slots to form the distinct "pearl necklace" pattern seen in the STED images ( Figure 5B ). Initial random patterns frequently converged into discrete ring patterns as a result of competition between the slots. Notably, most of the discrete ring patterns generated in the simulations had single prominent foci, similarly to those in the STED images.
The pattern may be more dynamic, however, depending on the parameters used. For example, when the k6 value was twice that used in Examples 1 and 2 ( Figure 5B ), the spatiotemporal patterning of Plk4 became more dynamic and resulted in a multiple oscillation mode (Example 3). Nevertheless, it still exhibited discrete patterns with a prominent peak at each time point.
This variation in the spatial and temporal patterns simulated may explain the variety of the spatial patterns of Plk4 observed in our STED analysis. The lateral inhibition model proposed in this study thus reproduces the observed Plk4 patterns at centrioles well.
The model assumes 12 centriolar slots for Plk4, based on the STED analyses (Figures 3, S2B, and S2C). Given the somewhat unclear periodicity of the CEP152 spatial patterns, we tested the robustness of the model with respect to the periodicity of the scaffolds. All simulations using different numbers of slots (9, 10, 11, or 13) resulted in the formation of pearl necklace patterns ( Figure S3 ), as in the simulations using 12 slots ( Figure 5 ). Regardless of the number of slots, therefore, the spatial patterns of Plk4 were similar, albeit with slightly different spatial frequencies. The lateral inhibition effect of Plk4 is thus not strictly dependent on the number of slots, and this model allows flexibility in scaffold conformation.
Next, to test the validity of the core concept that the self-organization properties of Plk4 alone can cause the discrete ring patterns to form, we tested how altering the mobility of Plk4 would affect the model. For this alternative mathematical model, termed the reaction-diffusion model for convenience, we used the core concept shown in Figure 4 , but more explicitly considered the lateral diffusion of Plk4 within the periphery of the centriole ( Figure S4A ). This is possible since the pericentriolar space is filled with a number of proteins and therefore serves as a diffusion trap to tether Plk4 around the centrioles. Similarly to the lateral inhibition model ( Figure 5A ), the active form of Plk4 was assumed to be more dynamic (i.e., larger diffusion coefficient) than the inactive form ( Figure S4A and Table S2 ). The active form repels the inactive form through self-activation feedback, although only within the same segment ( Figure   S4A ). Simulations using this model also resulted in the formation of discrete ring patterns ( Figure S4B ). Similarly to the lateral inhibition model ( Figure 5B ), Plk4 formed uneven foci aligned along the circumference, regardless of the number of segments ( Figure S4B ). These results further support our theory that the intrinsic properties of Plk4 mean that it can selforganize into the patterns around centrioles (Figure 4 ). For simplicity, hereafter we adopt and further verify the lateral inhibition model ( Figure 5A ) as a tentative model.
The lateral inhibition model reproduces centriole duplication under physiological and perturbed conditions
Using the lateral inhibition model, we then simulated the pattern transition of Plk4 in the presence of STIL and HsSAS6. The ring-like pattern changes into the single-focus mode following the centriolar entry of STIL and HsSAS6 at the onset of procentriole formation (Ohta et al., 2014 (Ohta et al., , 2018 . We therefore expected to see this pattern transition in the simulations. The mechanism through which STIL and HsSAS6 cooperatively regulate the pattern transition to restrict the duplication site remains unclear. In the model, therefore, we only included the centriolar entry of STIL, using it to represent the STIL-HsSAS6 complex. The time-evolved simulations were set as follows: 1) initially, the random seeds of Plk4 evolved to form discrete ring patterns via the lateral inhibition effect, as shown in Figure 5B ; 2) next, the expression level of STIL began to increase, as observed in the late G1 to S phases in human cells (Arquint and Nigg, 2014; Arquint et al., 2012; Izraeli et al., 1997; Tang et al., 2011) ; 3) finally, STIL entered the Plk4 slots in which the quantity of active (phosphorylated) Plk4 was above a given threshold (based on reports showing that the centriolar loading of STIL depends on Plk4-mediated phosphorylation; Dzhindzhev et al., 2014 Dzhindzhev et al., , 2017 McLamarrah et al., 2018; Moyer et al., 2015; Ohta et al., 2014) . Notably, in this model the centriolar loading of STIL was biased according to the Plk4 bias within the discrete ring pattern. In other words, Plk4-STIL interactions at centrioles were assumed to occur stochastically, as in general protein-protein interactions. The other condition we considered in the simulations was that, once the cytosolic level of STIL had begun to increase, the cytosolic level of Plk4 was assumed to decrease. It has previously been reported that increased quantities of STIL in the cytoplasm may promote the degradation of Plk4 (Arquint et al., 2015; Moyer et al., 2015; Ohta et al., 2018) . Thus the assumption that the cytosolic level of Plk4 decreases after the centriolar loading of STIL seems reasonable, despite the lack of biochemical studies specifically investigating the expression levels of endogenous Plk4. In addition, it is also possible that the dissociation/degradation of Plk4 in the slots in the absence of STIL is promoted via negative-feedback regulation, mediated by the Plk4-STIL interaction (Ohta et al., 2018) . As expected, simulations including such negative-feedback regulation yielded similar results but with slightly faster transition from the discrete ring into the single focus after centriolar loading of the STIL-HsSAS6 complex ( Figure S5 ).
Consequently, simulations using the lateral inhibition model reproduced the Plk4 pattern transition from the discrete ring into the single focus upon centriolar loading of the STIL-HsSAS6 complex ( Figure 6A ). The most prominent focus of Plk4 in the rings tended to remain after STIL-HsSAS6 loading. In addition, we simulated a perturbation of centriole duplication through overexpression of the components and compared the simulated results with experimental results to further verify this model. Overexpression of Plk4, STIL, or HsSAS6 is known to induce overduplication of centrioles (Arquint et al., 2012; Habedanck et al., 2005; Kleylein-Sohn et al., 2007; Strnad et al., 2007; Tang et al., 2011; Vulprecht et al., 2012) . In simulations using overexpression of Plk4 (the cytosolic level of Plk4 was set five times higher), multiple Plk4 foci tended to remain even after STIL-HsSAS6 loading. This was consistent with the experimental results ( Figure 6B ). This is due to increased influx of Plk4 into the centriole, resulting in multiple foci retaining Plk4 quantities above the threshold of STIL binding. Despite this increased influx, the lateral inhibition effect remained. Interestingly, under overexpression of Plk4, the simulated Plk4 patterns were relatively unstable throughout the time course ( Figure   6B ), until they were stabilized via the entry of STIL.
Overexpression of STIL was then simulated by setting a lower threshold (one fifth) of STIL binding to Plk4 foci. Under this condition, several Plk4 foci tended to remain after STILHsSAS6 loading, which was also consistent with our experimental observations ( Figure 6B ). It is known that overexpression of HsSAS6 also induces overduplication of centrioles (Strnad et al., 2007 ). In our model we represented the involvement of HsSAS6 in the form of the STILHsSAS6 complex, but we hypothesize that HsSAS6 may stabilize Plk4 foci cooperatively with STIL by forming a trimeric complex. Combining these findings, we conclude that the model successfully reproduced our observations under perturbation via the overexpression of major centriole duplication factors, regardless of physiological conditions. This further supports our hypothesis that the self-organization properties of Plk4 may be one of the mechanisms regulating centriole duplication (Figure 4 ).
Inhibition of Plk4 activity resulted in unexpected patterns, implying flexibility in the pattern of the Plk4 scaffold
We also tested the effects of inhibition of the kinase activity of Plk4. Assuming that Plk4 is converted into its active form via autophosphorylation, inhibition of its kinase activity may decelerate the inactive-to-active transition of Plk4, thereby diminishing the lateral inhibition effect (Figure 4 ). Using lower rates of the inactive-to-active transition, our model predicted that Plk4 would occupy all of the available slots and exhibit 12 foci symmetrically arranged around a centriole (data not shown).
In contrast, our STED observations showed that Plk4 exhibits nine-fold rotationally symmetrical spatial patterns upon inhibition of its kinase activity by treatment with the Plk4 inhibitor centrinone ( Figure S6A ; Wong et al., 2015) . The lateral inhibition model based on 12 slots was unable to explain this pattern. A possible explanation for this discrepancy is that CEP152 (the scaffold for Plk4) may also change its patterns around centrioles following treatment with centrinone. We used STED microscopy to analyze the spatial patterns of CEP152 after treatment with centrinone to test this possibility. Interestingly, we found that, in the presence of centrinone, the middle part of CEP152 exhibited patterns closer to nine-fold symmetry (40° intervals), whereas the N-terminal part continued to hold approximately 12 slots (30° intervals) at the centriole ( Figure S6B ). This suggests that the behavior of the middle part of CEP152 depends on the kinase activity of Plk4, and may also control the pattern formation of centriolar Plk4. Collectively, these findings suggest that following the inhibition of kinase activity via treatment with centrinone, the mode of interaction between Plk4 and CEP152 changes, and the mechanism of complex formation is no longer within the scope of the lateral inhibition model. However, considering the somewhat unclear periodicity of CEP152, further investigation is warranted to improve our understanding of the effects of treatment with centrinone on the centriolar pattern formation of Plk4.
DISCUSSION
This is the first study to integrate imaging-based experimental data and mathematical models concerning the self-organization properties of Plk4, and to propose the theory that these properties play a critical role in the regulation of centriole duplication. Firstly, using STED super-resolution microscopy and subsequent quantitative analyses, we revealed that Plk4 forms periodic discrete ring patterns on the periphery of centrioles. We found that the periods of the patterns were on average around 60°. In other words, the discrete ring patterns of Plk4 predominantly have a six-fold rotational symmetry. Moreover, the levels of Plk4 within these spatial patterns tended to be biased towards one of the foci within the ring. On the other hand, similar analyses revealed unbiased 12-fold rotational symmetry in the CEP152 scaffold in its centriolar localization patterns. Secondly, we constructed mathematical models to simulate the pattern formation of Plk4 during centriole duplication, based on recent findings indicating that Plk4 may change its dynamics and localization via its intrinsic properties (Yamamoto and Kitagawa, 2018) . The lateral inhibition model we constructed reflected the core concept of our theory: accumulated Plk4 repels neighboring Plk4 molecules via self-activation feedback in the pericentriolar spatial domain (Figures 4 and 5) . Indeed, the model reproduced most of our experimental data, with one exception.
As schematically shown in Figure 7 , our theory explains the involvement of molecular dynamics in the determination of centriole duplication sites. In this model, centriole duplication proceeds as follows. Plk4 first enters the centriolar scaffold to form randomly-distributed seeds and then competition occurs, via the lateral inhibition effect, which results in the appearance of discrete ring patterns. The model also includes the self-assembly property of Plk4 (Yamamoto and Kitagawa, 2018), by which condensed Plk4 attenuates its dissociation rate. Therefore, the slot that recruits the greatest quantity of Plk4 at the onset is favored, in that it prevents neighboring slots from recruiting Plk4 molecules and tends to survive as the largest Plk4 focus via first-come-first-served and the-rich-grow-richer processes ("Self-patterning" in Figure 7 ).
Through stochastic means, STIL and HsSAS6 preferentially bind to the largest Plk4 focus in the discrete ring, leading to stabilization. This assumption is reasonable, given that stochastic interactions between Plk4 and STIL-HsSAS6 are probably biased such that the more Plk4 there is in a focus, the more frequently the molecules interact with each other. Increasing expression levels of STIL in turn promote the degradation of cytosolic Plk4, resulting in decreased entry of Plk4 into the centriole. Given that the population of phosphorylated Plk4 in centrioles increases after centriolar loading of the STIL-HsSAS6 complex (Ohta et al., 2018; Yamamoto and Kitagawa, 2018) , it is also conceivable that the negative-feedback regulation based on the Plk4-STIL interaction promotes the dissociation/degradation of Plk4 around the mother centriole wall, except at the duplication site (Ohta et al., 2018) . Consequently, the largest Plk4 focus remains as the only site of centriole duplication.
According to our self-patterning theory, Plk4 can independently form periodic discrete patterns, i.e., potential duplication sites. Most importantly, because of its intrinsic properties, Plk4 alone can generate bias from random seeds in the periphery of pre-existing centrioles.
However, the self-patterning of Plk4 exhibits fluctuation and plasticity until it is stabilized by STIL and HsSAS6. This two-step process may serve as backup and buffer mechanisms to ensure the precise regulation of centriole duplication. Indeed, in biological systems, it is commonly observed that initial symmetry-breaking steps induce weak bias, and subsequent feedback mechanisms robustly fix the asymmetry (Chen et al., 2018; Goryachev and Leda, 2017; Kim et al., 2018) . Instead of forming the definitive duplication site from the beginning, the weakly biased ring patterns of Plk4 may provide backup sites, while the entry of STILHsSAS6 ensures that only one site is determined for centriole duplication. In this regard, it is interesting that the spatiotemporal patterning of Plk4 may be more dynamic, depending on the parameters used in simulations ( Figure 5B, Example 3) . Thus, our theory predicts the possibility that potential centriole duplication sites switch dynamically within the periphery of centrioles.
However, such a system may not be sufficiently stable to ensure the formation of the single duplication sites. The development of future techniques enabling live-cell super-resolution imaging may provide the answer.
Our simulations including the overexpression of Plk4 or STIL both resulted in centriole overduplication, as actually observed in our experiments ( Figure 6B ). Multiple Plk4 foci were stabilized to provide centriole duplication sites. Interestingly, the numbers of stabilized Plk4 foci in the overexpression simulations did not exceed six, potentially explaining the limitation in the maximum number of overduplicated daughter centrioles. Indeed, most previous studies have convincingly demonstrated that six is the maximum number of daughter centrioles that can be formed on a single mother centriole (Arquint et al., 2012; Habedanck et al., 2005; KleyleinSohn et al., 2007; Strnad et al., 2007; Tang et al., 2011; Vulprecht et al., 2012) . However, it is also possible that this may be merely because of space limitations. Importantly, we provide the first theoretical explanation and prediction of the mechanisms involved in centriole overduplication.
It is significant that this first theory for centriole duplication is based on both precise observations and mathematical modeling. However, further experimental evidence and improvement of the present models is required to elucidate these processes. For example, actual parameters for molecular dynamics, such as association/dissociation rates and diffusion coefficients, may be helpful. However, this approach may require specialized techniques to measure those parameters within the pericentriolar space. Alternatively, addition of other concepts may significantly improve these models. Introduction of the emerging concept of liquid-liquid phase separation may be one option (Woodruff et al., 2017) . Furthermore, future experimental data may improve our mathematical models.
Our models principally assumed 12 slots in the CEP152 scaffold for Plk4. However, this cannot explain the nine-fold symmetric patterns of Plk4 that were observed following treatment with centrinone ( Figure S6A ). It is important to consider that treatment with centrinone may also affect cytosolic Plk4. Although centrinone is a powerful tool for the investigation of Plk4 functioning, alternative approaches may be necessary to precisely investigate the molecular dynamics in the nanoscopic space around centrioles. Another possible point to consider is that the CEP152 scaffold may be more flexible. Despite the apparent periodicity, the spatial patterns of CEP152 are somewhat less clear (Figure 3 ) than the sharp, discrete patterns of Plk4 (Figure 2 ). This could mean that the CEP152 scaffolds are more flexible and dynamic than we have supposed, and that the 12-fold rotational symmetry we have observed is merely their average form. Although our lateral inhibition model can simulate other numbers of slots in the scaffold ( Figure S3 ), further studies are warranted to gain insight into the architecture of the CEP152 scaffold. Considering that the performance of STED microscopy may not be sufficient to reliably resolve such periodicities at scales less than 100 nm in our experimental conditions, future studies using electron microscopy or perhaps expansion microscopy (Chang et al., 2017; Chen et al., 2015) may provide more information regarding the scaffold for Plk4.
In conclusion, we propose here the first experimentally verifiable theory to explain Plk4's formation of biased spatial patterns around centrioles, based on its intrinsic properties. In addition, we examined the involvement of this pattern formation in ensuring the exclusive provision of single sites for centriole duplication. This model sheds light on numerous experimental observations. However, further research based on both experimental data and further improvement of the present models may assist in reaching definitive conclusions. The HCT116 Plk4-mClover cell line was produced via CRISPR-Cas9 genome editing.
The mClover sequence was inserted into the 3′ region of the Plk4 gene, and cell clones were selected using hygromycin. Cloned cells were genotyped using PCR, and the proper localization of expressed Plk4-mClover was verified via immunofluorescence. We were only able to obtain a monoallelic cell line, which we therefore used in this study.
METHOD DETAILS Immunofluorescence
Cells cultured on coverslips were fixed using cold methanol at −20 °C for 5 min. The Huygens Essential or Professional image processing software was used for image deconvolution, and ImageJ software was used for image processing and analyses.
Mathematical modeling
To simulate centriole duplication, we constructed two mathematical models as follows. For convenience, here the models are termed the lateral inhibition (LI) and the reaction-diffusion (RD) models. Both models are based on the intrinsic properties of Plk4 that allow it to selfassemble and promote the dissociation/degradation of neighboring molecules following its activation. The units, including that used for time, are arbitrary (relative). As schematically shown in Figures 5A and S4A , there are only slight differences between the models.
Specifically, the RD model more explicitly considers the lateral diffusion of Plk4 molecules within the periphery of the centriole. The periphery of the centriole (the scaffold of Plk4) is divided into segments (x), such that the last segment (x = L) is connected to the first (x = 1) to form a closed loop. L was typically assigned a value of 12. Plk4 can exist in the active (autophosphorylated) or the inactive form. In the LI model, the rate of change in the concentration of Plk4 at segment x and time t (I ( ) for the inactive form and A ( ) for the active form) is expressed using the following partial differential equations: Table S1 . The simultaneous differential equations were numerically solved using our original Mathematica program. The program also generated the time-evolved simulation graphs and the simulated spatial distributions shown in Figures 5, 6 , S3, and S4.
QUANTIFICATION AND STATISTICAL ANALYSIS
All quantification and statistical analyses were performed using ImageJ, Mathematica, R, and Excel software. For live imaging, the fluorescence intensity of regions of interest of the same size was measured using ImageJ on max projection images and the fluorescence intensity of a no-cell region was used for background subtraction ( Figure 1A) . The oval profiles of Plk4 and CEP152 were measured using the Oval Profile Plot plugin with the "Along Oval" option, as shown in Figures 2B and 3 . The number of sampling points was set to 64 for conventional confocal images or 128 for STED images, depending on image resolution. For the calculation of the ring-filling indices ( Figure 1C) , the profiles were exported to and processed in Excel. The box-and-whisker plots in Figure 1D were generated using R. The profiles were exported to Mathematica to generate the 2D array plot shown in Figure 2C . Using our Mathematica programs, the peaks in the profiles were detected by calculating the local maxima, and the angles (distances) between nearest-neighbor pairs of foci were obtained, as shown in Figures 2D   and 3 . In addition, we developed a Mathematica program to obtain autocorrelation functions ( Figure S2A ). The original data were zero-padded for the calculations.
